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Modeling and Analysis of
Phononic Crystal With Coupled
Lanes for Enhanced Elastic Wave
Attenuation
Phononic crystals and metamaterials have attractive potential in elastic wave attenuation
and guiding over specific frequency ranges. Different from traditional phononic crystals/
metamaterials consisting of identical unit cells, a phononic crystal with coupled lanes is
reported in this article for enhanced elastic wave attenuation in the low-frequency
regime. The proposed phononic crystal takes advantages of destructive interference mech-
anism. A finitely length phononic crystal plate consisting of coupled lanes is considered for
conceptual verification. The coupled lanes are designed to split the incident elastic wave
into separated parts with a phase difference to produce destructive interference. Theoretical
modeling and finite element method (FEM) analysis are presented. It is illustrated that sig-
nificant elastic wave attenuation is realized when the phase difference of elastic waves prop-
agating through the coupled lanes approximates π. Besides, multiple valleys in the
transmission can be achieved in a broad frequency range with one at a frequency as low
as 1.85 kHz with unit cells’ width and length of 25 mm and ten unit cells in one lane.
[DOI: 10.1115/1.4048394]
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1 Introduction
Phononic crystals (PCs) and metamaterials with artificially

designed periodic structures have attracted intensive attention due
to their promising advantages in wave manipulation and attenuation
[1–8]. PCs and metamaterials have applications of negative refrac-
tion [9,10], acoustic cloaking [3,5], wave focusing [11–15], wave
attenuation [4,7,16], and vibration mode tailoring [17]. Moreover,
dispersion curves of PCs and metamaterials may exhibit a negative
slope, yielding negative refraction phenomenon [9,10]. The unique
features of phononic crystals and metamaterials are originated from
the mechanisms of Bragg scattering and local resonance, respec-
tively [2,10,18,19]. The Bragg scattering phenomenon occurs
when the elastic wavelength is comparable with the dimension of
the unit cell [20–22]. Since the wavelength is roughly inversely pro-
portional to the frequency of elastic wave, the application of PCs in
the low-frequency regime requires large-size unit cells. On the other
hand, metamaterials, which take advantages of the local resonance
behavior rather than the Bragg scattering, possess extraordinary
capability of manipulating low-frequency elastic waves at sub-
wavelength scales [1,23–25].
Extensive efforts have been devoted to attenuating elastic wave

using PCs and metamaterials. For example, a low-frequency
bandgap would be generated in the vicinity of the resonating fre-
quency of the local resonators periodically integrated in the

primary structures. The generated bandgap in such a kind of meta-
materials exhibited a strong vibration attenuation effect. Explora-
tions were carried out for the vibration control in structural bars
and beams [7,8,21,26]. The bandgap width of the metamaterial
was demonstrated to be expandable by parametric optimization
[7]. Normally, the mechanical metamaterials and PCs have fixed
bandgap behavior [6–8]. To introduce online tunability, piezoelec-
tric transducers have been adopted due to their two-way electrome-
chanical coupling [16,27]. A negative capacitance element, a
nonresonating shunt circuit, was integrated in the piezoelectric
unit cell to reduce the equivalent local stiffness, thereby adjusting
the Bragg scatting bandgap features through modifying the value
of the negative capacitance [28]. Alternatively, piezoelectric meta-
material with unit cell level LC resonating can produce directly the
bandgap. For example, periodic piezoelectric transducers with
inductance shunt circuits are integrated into rod for wave attenua-
tion [22,29]. Piezoelectric phononic crystals and metamaterials
with shunt circuits have advantages over the mechanical one in
two aspects of simple configuration and adaptivity. The external
shunt circuits connected to the piezoelectric transducers allow
online tuning of bandgap toward a desired frequency range
without modifying the mechanical designs of the system.
The recent concept of metasurface provides great promise in the

modulation of elastic waves [27,30–37]. Wavefronts of the elastic
waves propagating through a sheet-like region are artificially
engineered. Different from the bulk phononic crystal and metama-
terial, metasurfaces are more compact but can realize similar func-
tionalities in elastic wave guiding by altering the phase gradient at
the sub-wavelength scale. Modulated acoustic waves propagations
by metasurfaces have been investigated intensively. For example,
labyrinthine unit-based metasurface was adopted for realizing
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anomalous reflection, ultrathin planar lenses, and nonparaxial
beams [27,30]. Elastic metasurfaces built upon geometric tapers
are proposed for accomplishing the anomalous refraction of
guided waves in solids [36]. Metasurfaces for controlling lamb
waves with and without mode conversion in plates were demon-
strated by theoretically and experimentally analysis. For the sake
of controlling bulk waves without involving mode conversion, a
metasurface with an array of aligned parallel cracks in a bulk
elastic medium is designed to split SV- and P-waves in elastic
solids into different propagation directions [38]. In general, existing
designs of metasurfaces are focusing on wave guiding.
Conversely, the application of PCs and metamaterials in the field

of wave attenuation is largely restricted by their narrow bandwidths.
To overcome this limitation, efforts have been devoted into achiev-
ing bandgap enlargement. Multiple local resonators were assembled
in a unit cell of metamaterial to generate multiple bandgaps [23,26].
It was also demonstrated that the mechanical connection between
adjunct unit cells can effectively enlarge the bandgap width of the
elastic metamaterial [39]. Moreover, tunable wave attenuation is
highlighted in the piezoelectric phononic crystal/ metamaterial for
applications at a wide frequency range. For instance, the effective-
ness of the negative capacitance circuit was experimentally proved
in expanding the bandgap in a metamaterial system [28]. Unit cell
level optimization of a piezoelectric metamaterial was performed,
and it was demonstrated that the enhancement of electromechanical
coupling could widen the bandgap width [40]. More recently, it was
illustrated that incorporating nonlinearities into the local resonators
of elastic metamaterials is an alternative strategy to broaden the
bandgap [41–43].
In this study, we propose a PC plate with coupled lanes that

exhibits promising wave attenuation capability. The key of the pro-
posed system lies in producing different phase shifts of elastic
waves in the separated lanes. A proper tuning of the phase differ-
ence results in the destructive interference phenomenon that
yields enhanced wave attenuation in aspects of bandwidth and
depth. The rest of this article is organized as follows. In Sec. 2,
the concept of the PC with coupled lanes is outlined. In Sec. 3, gov-
erning equation of a unit cell is derived, and a finite element model
is presented for evaluation of the dispersion relation of the unit cells.
In Sec. 4, phase shift characteristics of the lanes are investigated.
Section 5 provides the correlated analysis for validation and insights

of the wave attenuation features of the PC with coupled lanes. Con-
cluding remarks are presented in Sec. 6.

2 Conceptual Illustration
Figure 1 shows the proposed PC plate that consists of a series of

coupled PC lanes. Unlike the traditional systems based on local
resonance or Bragg scattering (a destructive interference in the
direction of wave propagation) mechanisms, the proposed system
takes advantages of destructive interference stemming from the
phase shift difference between the coupled lanes constructed in
the orthogonal direction of wave propagation. Destructive interfer-
ence has been widely adopted in the design of antenna for direc-
tional wave minimization in the existing literature [44,45]. In
analogy to the application for electromagnetic waves, here we
introduce the mechanism of destructive interference for elastic
wave attenuation. The underlying physics is that the incident
elastic wave is split and passes through the lanes in the plate
with respective phase shifts (Fig. 1(a)). The phase shifts of the
waves in the adjacent lanes can be intentionally designed to
meet the condition for destructive interference, resulting in the
wave self-cancellation for vibration attenuation. For the sake of
demonstration, we start from the equations of elastic waves in
two adjacent lanes. The application of Bloch theorem allows to
characterize the elastic wave in the two adjacent lanes in the fol-
lowing equation [46,47]:

u1(x1, k1, t) + u2(x2, k2, t) = ũ1(x1, k1)

ei(k1·x1−ωt+φ1) + ũ2(x2, k2)ei(k2·x2−ωt+φ2)
(1)

where u1 and u2 denote the displacement fields of the elastic waves
in two adjacent lanes, respectively. ũ1 and ũ2 stand for the Bloch
displacement function with the periodicity of the unit cells; x1, x2,
k1, k2, φ1, φ2, ω, and t denote position vector in lane 1, position
vector in lane 2, wavevector of the elastic wave in lane 1, wavevec-
tor of the elastic wave in lane 2, phase elastic wave in lane 1, phase
elastic wave in lane 2, operating frequency and time, respectively.
It is worth noticing that the incident waves in the two adjacent
lanes have the same operating frequency and the amount of
mechanical energy, i.e., they have very close amplitudes of dis-
placements and wavenumbers. At the location x0 where the
elastic wave converges, Eq. (1) becomes

(u1(x1, k1, t) + u2(x2, k2, t))|x1,2=x0 = (ũ1(x0, k1)eiφ1

+ ũ2(x0, k2)eiφ2 )ei(k2·x0−ωt) (2)

Consider the fact that elastic waves in the two lanes have the
same operating frequency and similar amplitudes and wavenum-
bers. Equation (2) yields

(ũ1(x0, k1)eiφ1 + ũ2(x0, k2)eiφ2 )ei(k2·x0−ωt)

≈ ũ(x0, k)(eiφ1 + eiφ2 )ei(k·x0−ωt)
(3)

It is worth noticing that the elastic waves in lane 1 and 2 form a
combined elastic wave at the location x0. That is, the elastic waves
yield one wave with a single wavevector of k. It can be obtained
from Eq. (3) that the amplitude of the elastic wave passing
through the PC region is a function of the difference of their
phases. Notably, the value of Eq. (3) would be minimized when
|φ1−φ2| approximates π. In other words, the elastic wave would
be self-cancellated when the waves in the adjacent lanes have a
phase difference of π, as conceptually illustrated in Fig. 1(a). There-
fore, the elastic wave has the potential to be attenuated by dispersion
relation modulation in the PC lanes.
Without loss of generality, we assemble the proposed PC plate

using coupled lanes consisting of staired unit cells (Fig. 1(b)).
The staired unit cell is a stair-shaped beam synthesized by two
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Fig. 1 (a) Conceptual illustration of wave attenuation mecha-
nism and (b) proposed PC system and the unit cell
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segments. Each of the unit cells has the width and length of 25 mm.
Besides, the staired unit cell has the height of 3 mm in one of the
segments and various values in the other segment. The dimensions
of the unit cells can be chosen at other values, whereas the under-
lying physics should be kept the same. Identical staired unit cells
are connected in series to form one coupled PC lane. A small gap
with the width of 0.1 mm is introduced between the PC lanes to
reduce interactions between the lanes. Moreover, we coupled two
adjacent lanes together and assemble many pairs of coupled lanes
in parallel to form the PC plate. Each lane is formed by unit cells
with different dimensions, i.e., different dispersion relations and
phase shift features. The difference of phase shifts would then
produce the wave attenuation effects.

3 Theoretical Modeling of a Unit Cell
As demonstrated in Sec. 2, the key feature of the proposed system

to yield wave attenuation comes from the phase difference of elastic
waves passing through PC lanes. For the sake of analyzing the
phase shift characteristics that can facilitate wave attenuation, dis-
persion relation of a unit cell is formulated. The Euler–Bernoulli
beam theory is used to consider the transverse wave in the beam-
like lane. The staired unit cell of an individual lane contains two rec-
tangular segments (Fig. 2). Let l1, l2, b, h1, h2, and ρ denote length
of segment I, length of segment II, width, thickness of segment I and
segment II, and mass density of the unit cell, respectively. In the fol-
lowing analysis, the unit cell length, i.e., l1+ l2 is fixed as a
constant.
In the modeling of the unit cell, i indicates the ith segment of the

staired unit cell. The Euler beam theory is employed to formulate
the eigenvalue problem. In the mathematical modeling, the left
edge of the unit cell locates at x0. The governing equation of the
unit cell is given as follows [17]:

∂
∂x2

EIi
∂2w(x, t)

∂x2

[ ]
+

∂
∂t

ρAi
∂w(x, t)

∂t

[ ]
= 0, i = 1, 2 (4)

where EIi is the bending stiffness of the ith segment of the unit cell
and ρAi is the mass per unit length of the ith segment (i= 1, 2). Here,
EIi = (1/12)Ebh3i is a function of the thickness of the ith segment of
the unit cell. Ai= bhi is for the area of the cross section of the beam.
Let the displacement field of the unit cell be represented as follows:

wi(x, t) = ϕi(x)q(t) (5)

where ϕi(x) is the general expression of displacement field of the
unit cell.

ϕ1(x) = A1 cos λ1(x − x0) + B1 sin λ1(x − x0)

+ C1 cosh λ1(x − x0) + D1 sinh λ1(x − x0)
(6a)

ϕ2(x) = A2 cos λ2(x − l1 − x0) + B2 sin λ2(x − l1 − x0)

+ C2 cosh λ2(x − l1 − x0) + D2 sinh λ2(x − l1 − x0)
(6b)

In Eqs. (6a) and (6b), Ai, Bi, Ci, and Di are coefficients that deter-
mine the displacement field of the unit cell. λi is related to the

eigenfrequency ω as λi =
������
ω2 ρAi

EIi
4

√
, i.e., the eigenvalues here are

functions of the length and thickness of the unit cell in segment I
and II. Applying the Bloch theorem yields the periodic boundary
conditions at the two ends of the unit cell, i.e., at x0 and x0+ l1+ l2:

ϕ1(x0) = e−ikx(l1+ l2)ϕ2(x0 + l1 + l2) (7a)

dϕ1(x)
dx

∣∣∣∣
x=x0

= e−ikx(l1+ l2) dϕ2(x)
dx

∣∣∣∣
x=x0+ l1+ l2

(7b)

EI1
d2ϕ1(x)
dx2

∣∣∣∣
x=x0

= e−ikx(l1+ l2)EI2
d2ϕ2(x)
dx2

∣∣∣∣
x=x0+ l1+ l2

(7c)

EI1
d3ϕ1(x)
dx3

∣∣∣∣
x=x0

= e−ikx(l1+ l2)EI2
d3ϕ2(x)
dx3

∣∣∣∣
x=x0+ l1+ l2

(7d)

where kx is the wavenumber in ΓX-direction that varies for different
PC lanes. Substituting Eq. (6) into Eq. (7) gives

(A1 + C1)e
ikx(l1+ l2) = A2 cos λ2l2 + B2 sin λ2l2

+ C2 cosh λ2l2 + D2 sinh λ2l2
(8a)

(B1λ1 + D1λ1)e
ikx(l1+ l2) = −A2λ2 sin λ2l2 + B2λ2 cos λ2l2

+ C2λ2 sinh λ2l2 + D2λ2 cosh λ2l2
(8b)

EI1(−A1λ
2
1+C1λ

2
1)e

ikx(l1+ l2)=EI2(−A2λ
2
2 cos λ2l2−B2λ

2
2 sin λ2l2

+C2λ
2
2 cosh λ2l2+D2λ

2
2 sinh λ2l2)

(8c)

EI1(−B1λ
3
1+D1λ

3
1)e

ikx(l1+ l2)=EI2(A2λ
3
2 sin λ2l2−B2λ

3
2 cos λ2l2

+C2λ
3
2 sinh λ2l2+D2λ

3
2 cosh λ2l2)

(8d)

In addition, the continuity conditions of the deflection, slope,
bending moment, and shear force at the conjunction of segment I
and II in the unit cell, i.e., at x0+ l1, yield the following four equa-
tions:

ϕ1(x0+ l1)=ϕ2(x0+ l1)| (9a)

dϕ1(x)
dx

∣∣∣∣
x=x0+l1

=
dϕ2(x)
dx

∣∣∣∣
x=x0+l1

(9b)

EI1
d2ϕ1(x)
dx2

∣∣∣∣
x=x0+l1

=EI2
d2ϕ2(x)
dx2

∣∣∣∣
x=x0+l1

(9c)

EI1
d3ϕ1(x)
dx3

∣∣∣∣
x=x0+l1

=EI2
d3ϕ2(x)
dx3

∣∣∣∣
x=x0+l1

(9d)

which yield

A1 cos λ1l1+B1 sin λ1l1+C1 cosh λ1l1
+D1 sinh λ1l1=A2+C2

(10a)

−A1λ1 sin λ1l1+B1λ1 cos λ1l1+C1λ1 sinh λ1l1
+D1λ1 cosh λ1l1=B2λ2+D2λ2

(10b)

EI1(−A1λ
2
1 cos λ1l1−B1λ

2
1 sin λ1l1

+C1λ
2
1 cosh λ1l1+D1λ

2
1 sinh λ1l1)=EI2(−A2λ

2
2+C2λ

2
2)

(10c)

segment I segment II

xy
z  1h  2h 1l  2l
b

Fig. 2 Schematic of staired unit cell in the proposed PC lane
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EI1(A1λ
3
1 sin λ1l1−B1λ

3
1 cos λ1l1+C1λ

3
1 sinh λ1l1+D1λ

3
1 cosh λ1l1)

=EI2(−B2λ
3
2+D2λ

3
2) (10d)

The following eigenvalue problem is formulated by
grouping Eqs. (8a)–(8d ) and (10a)–(10d ) together regarding

the coefficients of the displacement field d =
A1 B1 C1 D1 A2 B2 C2 D2
[ ]T

, i.e.,

K(λ1, λ2)d=0 (11)

where

K(λ1, λ2)=

cos λ1l1 sin λ1l1 cosh λ1l1 sinh λ1l1 −1 0 −1 0

−λ1 sin λ1l1 λ1 cos λ1l1 λ1 sinh λ1l1 λ1 cosh λ1l1 0 −λ2 0 −λ2
−EI1λ21 cos λ1l1 −EI1λ21 sin λ1l1 EI1λ

2
1 cosh λ1l1 EI1λ

2
1 sinh λ1l1 EI2λ

2
2 0 −EI2λ22 0

EI1λ
3
1 sin λ1l1 −EI1λ31 cos λ1l1 EI1λ

3
1 sinh λ1l1 EI1λ

3
1 cosh λ1l1 0 EI2λ

3
2 0 −EI2λ32

eikx(l1+ l2) 0 eikx(l1+ l2) 0 −cos λ2l2 −sin λ2l2 −cosh λ2l2 −sinh λ2l2
0 λ1eikx(l1+ l2) 0 λ1eikx(l1+ l2) λ2 sin λ2l2 −λ2 cos λ2l2 −λ2 sinh λ2l2 −λ2 cosh λ2l2

−EI1λ21eikx(l1+ l2) 0 EI1λ
2
1e

ikx(l1+ l2) 0 EI2λ
2
2 cos λ2l2 EI2λ

2
2 sin λ2l2 −EI2λ22 cosh λ2l2 −EI2λ22 sinh λ2l2

0 −EI1λ31eikx(l1+ l2) 0 EI1λ
3
1e

ikx(l1+ l2) −EI2λ32 sin λ2l2 EI2λ
3
2 cos λ2l2 −EI2λ32 sinh λ2l2 −EI2λ32 cosh λ2l2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(12)

For a given length of segment I and II in the unit cell and a chosen
operating frequency, we obtain the characteristic equation by letting
the determinant K(λ1, λ2) = 0 and then solve the eigenvalues λ1 and
λ2 for the dispersion relation of the unit cell. The solutions can be
solved numerically, and the dispersion relation of the unit cell can
be determined. It is worth noticing that the dispersion relation of
the unit cell is a function of length of the two segments. The wave-
number and phase characteristics of the unit cell can be modified
through the length modulation of the two segments.

4 Dispersion Relation and Phase Modulation
4.1 Dispersion Relation of a Single Unit Cell. In this section,

we proceed to analyze the dispersion relation of such a unit cell.
Theoretical modeling and finite element software COMSOL 5.4 are
adopted in the analysis. The finite element tool has been widely
used in the investigations of PCs and metamaterials [22–30,48].
The unit cell is formed by an aluminum beam with different
lengths and thicknesses in segments I and II, respectively. In the fol-
lowing analysis, the thickness of segment I (h1) is kept constant as
3 mm. Three cases are considered that the thicknesses of segment II
(h2) have values of 1.5 mm, 2 mm, and 2.5 mm, respectively. In all
of the three cases, the unit cell length is fixed at a constant value of
25 mm, i.e., l1+ l2≡ 25 mm. Besides, the width of the unit cell (b)
has a constant value of 25 mm. Notably, the width b is an irrelevant
parameter of the calculation as the dispersion of the unit cell would
be kept the same when changing its width. It is worth mentioning
that the parameters of the unit cell were arbitrarily chosen for the
demonstration of the proposed concept. Unit cells can be set at
other dimensions for the realization of the destructive interference.
Besides, the elastic wave has a wavelength of 10.68 mm at 5 kHz
for unit cells with l1= 7.62 mm and h2= 2 mm. The material
mass density and Young’s modulus are ρ= 2730 kg/m3 and E=
62 GPa, respectively. We explore the dispersion relation of the
unit cell in the first Brillouin zone by sweeping the wavenumber
kx from 0 to π/(l1+ l2). To exclude the wave attenuation effects
owing to bandgap, in this study, we choose an operating frequency
of 5 kHz, which is below the Bragg scatting bandgaps of the unit
cells. It is worth mentioning that the operating frequency can be
chosen at any other frequency point where wave attenuation is
desired to be achieved. The dispersion curves of the unit cells
with representative lengths of segment I (l1) are given.
Dispersion curves of the unit cellswith h2= 2 mmand l1= 24 mm,

20 mm, and 16 mm are, respectively, given in Fig. 3(a). Both results

from the theoretical modeling and finite element method (FEM)
simulation are provided. The operating frequency 5 kHz is marked
with a dashed line. It can be observed that the dispersion relation
of the unit cell is shifted by changing l1. In other words, the incident
elastic wave at a selected frequency is shortened or stretched by
decreasing or increasing the length of segment I in this staired unit
cell. The shifting of dispersion relation implies the possibility of
phase modulation of the elastic wave propagating through the
medium. The relation of wavenumber and l1 at 5 kHz is presented
in Fig. 3(b). As illustrated in this figure, the value of the wavenumber
of the unit cell at 5 kHz decreases as we increase the length of
segment I. Due to the fact that the wavenumber is reversely propor-
tional to the phase shift of the elasticwavewithin a unit cell, the phase
shift would be a function of l1. In other words, it implies the potential
to achieve the expected destructive interference through parametric
modification of the unit cells. Minor difference between the theore-
tical modeling and the FEM simulation is shown in Fig. 3(a) in the
vicinity of kx= 120/m. This is because the Euler beam assumption
of the unit cell does not hold the actual situation in such a range.
Overall, the theoretical predictions match the FEM simulations
very well in the range of interest.
The wavenumber of the unit cell at 5 kHz is also a function of the

thicknesses of segment II, as shown in Fig. 4. In this figure, the
wavenumber of the unit cell with various l1 is evaluated given dif-
ferent thicknesses of segment II, e.g., the values of h2 are chosen as
1.5 mm, 2 mm, and 2.5 mm, respectively. The results are also
obtained from both the theoretical calculations and FEM simula-
tions at 5 kHz. As shown, the value of wavenumber of the unit
cells decreases with the increase of l1. Reducing the value of h2
can effectively increase the wavenumbers of the unit cell. Further-
more, with the increase of h2, the relation curve becomes flatter,
which indicates a smaller wavenumber tuning range. Since the
wavenumber shift corresponds to the phase shift of elastic wave,
a unit cell with a smaller h2 offers a larger tunability range of the
phase shift by changing l1. The results from the FEM simulation
confirm the theoretical calculations.

4.2 Phase Modulation. In this section, phase shift characteris-
tics of the PC are described. Noting the fact that phase shift within
one unit cell is limited, we evaluate phase shift features of PC lanes
with multiple unit cells in the following analysis. In particular, a
single functional lane formed by one, five, and ten identical unit
cells serially are analyzed to understand the phase shift modulation

021011-4 / Vol. 143, APRIL 2021 Transactions of the ASME



characteristics by modifying the dimension of the unit cell
(Fig. 5(a)). Specifically, the characteristics of the phase shift of a
single functional PC lane is analyzed at the operating frequency
by sweeping the value of l1 while keep h2 at 2 mm. The phase
shift characteristics of the elastic wave propagating through the
lanes are obtained from the dispersion relation, as presented in
Fig. 5(b).
It is shown in Fig. 5(b) that the phase shifts within the PC lanes

decrease with respected to the increase of l1. Moreover, the phase
shift in the lane consisting one unit cell is quite limited. Connecting
multiple identical unit cells in series can extend the range of phase
shift effectively. For example, the PC lane assembled with ten unit
cells yields a phase shift covering a full π range, i.e., the configured
functional lanewith ten unit cellsmeets the requirement for rendering

the destructive interference perfectly. Besides, it can be obtained
from Fig. 5(c) that for all the lanes with 1, 5, and 10 cells, we have
all the values of transmission larger than −3 dB and most of the
reflection ratio smaller than −20 dB. Therefore, we adopt PC lanes
with ten unit cells assembled in a series to form the PC system
with coupled lanes in the following analysis. It is worth mentioning
that choosing a higher operating frequency can shorten the length of
the elastic wave, i.e., the phase shift covering a full π range is poten-
tial to be achieved with much less unit cells.
We then assemble the functional units for realizing the destruc-

tive interference with two aforementioned PC lanes, as shown in
Fig. 6(a). Perfectly matched layers (PMLs) are added to the both
ends of the lanes, and a transverse wave is incident from the left
end. Note that a PC plate is synthesized by many dual-lane
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functional units arranged in y-direction, and a continuous boundary
condition is applied laterally for a dual-lane functional unit. The
three cases are evaluated where the h2 of the unit cells is kept as
1.5 mm, 2 mm, and 2.5 mm, respectively, in both of the PC lanes.
The phase difference between two lanes are obtained as shown in
Fig. 6(b) by sweeping l1 in one lane, while all the parameters of
the other lane are kept constant (case 1.1: h2= 1.5 mm, l1=
23 mm; case 1.2: h2= 2 mm, l1l1= 23 mm; case 1.3: h2= 2.5 mm,
l1= 23 mm). Phase differences in the dual-lane functional units
are analyzed by evaluating the responses in the far field.
It can be seen that in both case 1.1 and case 1.2 have a cumulative

phase difference in a dual-lane unit covering the full range of π. It
indicates that the functional units meet the requirement for render-
ing the destructive interference for wave attenuation. Moreover,
reducing the value of h2 can effectively enlarge the range of
phase difference in a dual-lane unit. For example, the dual-lane
functional unit with h2= 2 mm has a range of phase difference up
to 4.75 rad. Besides, the maximum phase difference in the func-
tional unit with h2= 1.5 mm is increased to 8.78 rad. Conversely,
the functional unit with h2= 2.5 mm (case 1.3) yields a maximum
phase difference of 2.01 rad because of the limited phase shift
within a unit cell, as previously illustrated in Sec. 4.1. Theoretical
calculations meet the FEM simulations well.

5 Elastic Wave Attenuation Characteristics
5.1 Attenuation Capability. In this section, the capability of

wave attenuation of the proposed system is investigated. Since
the dual-lane structure constitutes the basic unit that yields the
phase difference for the potential wave attenuation, we evaluate
the elastic wave attenuation features of the proposed system
through analyzing the dual-lane functional unit first. Similarly,
the continuous boundary condition is applied in y-direction. Here,
three cases are considered. In particular, three dual-lane functional
units are evaluated where the value of h2 is chosen as 1.5 mm,
2 mm, and 2.5 mm, respectively. Besides, the dimensions of the
unit cells in one of the lanes are kept constant in the three cases.
The transmissions of the coupled PC beam as shown in Fig. 7 are
obtained by sweep the value of l1 in the other lane at 5 kHz.

Transmission diagrams of the dual-lane functional units at 5 kHz
with different l1 in one of the lanes are shown in Fig. 7(a). It can be
observed that promising wave attenuation effect is obtained.
Valleys of transmission are obtained at multiple values of l1, e.g.,
l1= 7.62 mm and l1= 20.58 mm with h2= 2 mm. In the range of
the valleys in the transmission diagrams, the elastic waves propa-
gating through the dual-lane functional units have a phase differ-
ence that yields destructive interference and wave attenuation.
Furthermore, the phase difference between the two lanes approxi-
mates π when l1= 20.58 mm as illustrated in Fig. 6(b) in
Sec. 4.2. This phenomenon follows our proposed concept quite
well that tailored phase difference in the dual-lane functional unit
is capable of attenuating elastic waves significantly. Besides, the
valley of the transmission at l1= 7.62 mm stems from the phase
jump in one of the lanes. Furthermore, it can be obtained that the
transmission curves of the dual-lane system with h2= 1.5 mm
and h2= 2 mm have difference trends. This is because that the
dual-lane system with h2= 1.5 mm has lowered Bragg Scatting
bandgap and hence yield smaller transmission than that of the
system with h2= 2 mm.
It can also be obtained from Fig. 7(a) that the transmission of the

coupled PC lanes with h2= 2.5 mm has minor wave attenuation
effect due to the limited phase difference yielded in the two lanes.
Figure 7(b) shows the spatial responses for the cases with l1=
7.62 mm and l1= 20.58 mm. It can be obtained that the design of
the two lanes yields phase difference between the elastic waves.
Besides, the waves transmitted through the two lanes meet at the
end of the dual-lane section and cancel each other. In the near
field, i.e., in the vicinity of the end of the dual-lane section,
uneven displacement distribution can be observed due to the inter-
action of the two elastic waves. In the far field, the resultant dis-
placements of the transmitted waves are minimized due to the
superposition of two transmissions. In general, the final transmis-
sion is a superposition of two transmissions as a small gap is intro-
duced between the two PC lanes as the case with l1= 20.58 mm.
Conversely, the two lanes have small coupling with each other
due to the near-field interactions. Thus, the case with l1=
7.62 mm yields a phase jump at the entrance of the dual-lane
section. It is worth emphasizing that, since the operating frequency
is chosen below the Bragg scatting bandgap, the significant wave
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attenuation phenomenon here is indeed induced by the mechanism
of destructive interference. Since that the dual-lane PC unit with
h2 = 2.5 mm has the minor wave attenuation effect, we focus on
the PC with h2= 2 mm and 1.5 mm in the following analysis.

5.2 Frequency Responses. The wave attenuation effect stems
from the phase difference between PC lanes at a chosen frequency.
To further demonstrate the robustness of the proposed design in a
wide frequency range, frequency responses are plotted. Similarly,
we first evaluate the elastic wave attenuation features of the
PC system with coupled lanes through analyzing the dual-lane
beam with continuous boundary conditions. Two cases are in-
vestigated with optimal parameters combination, i.e., case 2.1:
h2 = 1.5 mm, l1= 7.71 mm in one of the lanes in the dual-lane
unit and h2= 1.5 mm, l1= 23 mm in the other; case 2.2: h2=
2 mm, l1= 20.58 mm in one of the lanes in the dual-lane unit and
h2= 2 mm and l1= 23 mm in the other. Besides, the parameters
of the unit cells are kept constant in one of the coupled lanes.
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The transmission diagrams are calculated through the following
equation:

trans(ω) = 20 log10
Atransmitted(ω)
Aincident(ω)

(13)

where Atransmitted(ω) and Aincident(ω) are the amplitudes of the
signals of the transmitted and incident elastic waves resolved at fre-
quency ω, respectively. Corresponding transmission diagrams in
frequency domain are shown in Fig. 8.
It can be seen from Fig. 8 that pronounced wave attenuation is

achieved at 5 kHz and many other frequency points in a large fre-
quency range from 1 kHz to 10 kHz. In this frequency range, the
wave attenuation effect is induced by the same underlying
physics, that is, the elastic wave undergoes phase difference ren-
dered self-cancellation. It is worth noticing that the first valley in
the transmission diagram is as low as 1.85 kHz. Moreover, the
spatial responses of the dual-lane functional unit with h2= 2 mm
at 2.37 kHz, 5.00 kHz, and 8.73 kHz are plotted in Fig. 9, represent-
ing three valleys in the transmission diagram. It can be observed that
significant wave attenuation effects can be observed. At the points
of the minimal values of the transmission, the phase difference
between the waves in the two lanes approximates π. Among
which the spatial response of the dual-lane functional unit at
8.73 kHz shows uneven displacements at the right end of the dual-
lane section. This phenomenon can be attributed to the high bending
strain in near-field range yielded by the accumulated waves. Never-
theless, the elastic waves are attenuated in far field ranges. In con-
sideration that vibrations at multiple frequencies would be
attenuated at the same time, the proposed system provides a signif-
icant flexibility in devising wave attenuation systems with varying
operating frequencies through proper parameter selection.
We further synthesize the PC plate with the aforementioned dual-

lane functional units. In this plate, the dual-lane functional units are
periodically arranged in y-direction. Here, we consider PC plate
consisting unit cells with h2= 2 mm. Besides, the value of l1 is
chosen as 23 mm in one lane of the dual-lane unit and 20.58 mm
in the other one. PMLs are added to the both ends of the beam

and a transverse harmonic wave with the width of 350 mm is inci-
dent from the left end. Here, the PMLs on the two sides are artificial
absorbing layers for minimizing the reflection of the elastic waves at
the two sides and reveal the wave manipulation characteristics of
the phononic plate. Responses of the plate at representative fre-
quency points are obtained, as shown in Fig. 10.
Figure 10 shows that significant wave attenuation is achieved in

the proposed PC plate with coupled lanes due to the destructive
interference at multiple frequency points. The enhanced wave atten-
uation capability follows the prediction in Fig. 8 well. This robust-
ness has great potential in vibration attenuations where large-range
low-frequency attenuation is desired. Unlike the metamaterials
employing local resonators working at a single frequency, the pro-
posed low-frequency wave attenuation mechanism is realized by
destructive interference through phase modulation. The features
of wide band wave attenuation can be attributed to the fact that
the PC has much smaller phase changes in the frequency range
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than that in the local resonator-based metamaterials. In this study,
PC with stair-shaped unit cell is adopted to illustrate the proposed
concept. The proposed system can also be synthesized with piezo-
electric transducers and shunting circuits to achieve online
tunability.

5.3 Comparison and Discussion. For further illustration of the
proposed concept, frequency response of the PCs with coupled lanes
is compared with traditional PCs. Two additional cases corres-
ponding to traditional phononic crystals are considered. In the

comparison, the proposed phononic crystals with coupled lanes
having dimensions follow the case illustrated in Sec. 5.2. Besides,
the two traditional PCs have similar configurations of the proposed
system where one of them has h2= 2 mm, l1= 20.58 mm, and the
other one has h2= 1.5 mm, l1= 7.71 mm. They represent traditional
phononic crystal beams with Bragg scattering bandgaps. The corre-
sponding transmission curves of the comparison of the proposed
system and traditional PC are shown in Fig. 11.
Figure 11 shows the comparison between the proposed systems

and the traditional PCs. It can be obtained that the traditional PC
with the parameter combination has no bandgap in the frequency
range of interest with h2= 2 mm. Meanwhile, the proposed PC
with coupled lanes exhibits promising wave attenuation capability
in a wide frequency range of interest. It confirms the feature of
the proposed system that phase difference enables the PC with
the capability of wave attenuation over a large frequency range.
Notably, the proposed system has valley of transmission diagrams
at 1.85 kHz. This low-frequency wave attenuation capability was
considered as the unique feature of local resonators-based metama-
terials. In particular, the proposed system illustrates an advantage
that it has deep valleys in the transmission diagram in multiple fre-
quency points, while the local resonance-based metamaterial has
only one valley in the vicinity of local resonance. Conversely, the
proposed method requires more than one lane to achieve such a
wave attenuation. In addition, the traditional PC with h2= 1.5 mm
has a bandgap in the frequency range of 6 kHz–10 kHz. Specifi-
cally, the proposed system with h2= 1.5 mm has multiple frequency
ranges, which sum up to 7839.9 Hz with more than 10 dB attenua-
tion. As for comparison, the conventional phononic crystal (shown
in Fig. 11(b)) only has a frequency range up to 4245 Hz to achieve
10 dB attenuation. Moreover, if the attenuation criterion is
increased to 20 dB, the bandwidths of the proposed system and
the conventional one are 6225.7 Hz and 3948 Hz, respectively.
That is, the proposed system has much wider frequency range of
wave attenuation than the conventional phononic crystal. Further-
more, the traditional PC system shows limited wave attenuation
capacity, i.e., it has valleys in the transmissions of −56.34 dB. Con-
versely, the proposed PC system has much deeper valleys in the
lower frequency range. Specifically, the proposed system has a

Fig. 10 Spatial responses of the plate at 2.37 kHz, 5.00 kHz, and
8.73 kHz

(a) (b)

Fig. 11 Comparison of transmission diagrams of proposed PC with coupled lanes and tradi-
tional PC: (a) h2=2 mm and (b) h2=1.5 mm
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maximum wave attenuation capacity of −86.7 dB, which signifi-
cantly outperforms the traditional one. Consider that local
resonance-based metamaterials are potential to attenuation wave
more than −60 dB [23,29,39–42], the proposed system has a
wave attenuation capacity on the same level as that of the metama-
terials. These results confirm the feasibility of the proposed system
for wave attenuation in a wider and much lower frequency range
than that of the traditional PCs.

6 Conclusions
In summary, a PC plate based on the mechanism of destructive

interference for enhanced wave attenuation is demonstrated. The
PC plate is designed using dual-lane functional units integrated
with stair-shaped unit cells. A Euler–Bernoulli beam model is for-
mulated, and FEM simulations are presented. The phase shift char-
acteristics of the unit cell, and the functional PC lanes are analyzed
in detail. It is demonstrated that under a given operating frequency
of interest, we can facilitate phase difference covering full π range in
a dual-lane functional unit with proper selection of the dimension of
the unit cells. The phase difference in the vicinity of π in the dual-
lane unit yields wave attenuation of the waves owing to destructive
interference. We further demonstrate the significant wave attenua-
tion capability of the proposed system in the low-frequency
range, which outperforms the traditional PC in a wide frequency
range with better attenuation capacity. The results show that multi-
ple valleys in the transmission can be achieved between 1 kHz and
10 kHz with one at a frequency as low as 1.85 kHz with unit cells’
width and length of 25 mm and ten unit cells in one lane. The pro-
posed PC system with coupled lanes has promising potential for
low-frequency broadband wave attenuation.
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